Abstract. In the paper, we study the GIT construction of the moduli space of Chow semistable curves of genus 4 in P 3 . By using the GIT method developed by Mumford and a deformation theoretic argument, we give a modular description of this moduli space. We classify Chow stable or Chow semistable curves when they are irreducible or nonreduced. Then we work out the case when a curve has two components. Our classification provides some clues to understand the birational map from the moduli space M 4 of stable curves of genus 4 to the moduli space of Chow semistable curves of genus 4 in P 3 .
Introduction
An n-canonical curve C ⊂ P N is a stable curve embedded by |ω ⊗n C |. Let Chow g,n be the closure of the locus of n-canonical curves of genus g in the Chow variety. Then we have the following GIT quotient:
where N = (2n − 1)(g − 1) − 1 if g ≥ 2 and N = g − 1 if n = 1. To understand this GIT quotient space, we need to have a criterion for the GIT stability of a Chow form, i.e., Chow stability. In [9] , Lee and the author provided a criterion for the stability of plane curves in terms of log canonical thresholds. This criterion implies that (P 2 , C) should be replaced in Hacking's construction of a compact moduli space of plane curves [2] if C is not Chow stable.
Mumford [11] showed that, for n ≥ 5 and g ≥ 2, the Chow stable points are precisely the n-canonical curves. Schubert [12] considered the case n = 3 and g ≥ 3. He proved that a tri-canonical curve is stable if and only if it is pseudostable and also showed that there is no strictly Chow semistable curve. Hyeon and Lee considered the case n = 3, 4 and g = 2. In [7] , they proved that genus two pseudo-stable curve are indeed Chow semistable and completely classified the strictly Chow semistable points. They also concerned the case n = 2 and g = 3.
In [8] , they showed that the quotient space is the moduli space of c-stable curves. Hassett and Hyeon studied for the case n = 2 and g ≥ 4 in [5] and for the case n = 4 in [6] . However, at present we have little understanding of Chow g,1 //SL N+1 for g ≥ 4.
This paper concerns the case n = 1 and g = 4. To determine which curve is Chow stable or Chow semistable, we use a classical method developed by Mumford and a deformation theoretic argument. Precisely we have the following results: Theorem 1.1.
(1) Let C be a smooth curve of genus 4 and some clues to understand this birational map. We know that an elliptic tail in a stable curve of genus 4 is replaced by a curve with a cusp by (2) . We show that stable curves of genus 4 in the boundary divisor δ 2 are identified in Chow 4,1 //SL 4 . An elliptic bridge in a stable curve of genus 4 is replaced by a curve with a tacnode. Throughout, we work over an algebraically closed field k of characteristic zero. The genus of a curve means its arithmetic genus. For a smooth point p ∈ C, we use the notation I(C) p×{0} = (t r0 s v0 , t r1 s v1 , t r2 s v2 , t r3 s v3 ) for the ideal of O C×A 1 ,p×{0} generated by t r0 s v0 ,..., t r3 s v3 where s (resp. t) is the local parameter of O C,p (resp. O A 1 ,0 ), v i = v(X i ) where v is the natural valuation on O C,p and X 0 ,...,X 3 are the given homogeneous coordinates of P 3 .
Chow stability
In this section, we will review some methods for determining which Chow cycles are stable or semistable developed by Mumford, Gieseker and Schubert. For more detail, we refer to [11] and [12] . A weighted flag F of H 0 (P n , O P n (1)) is a filtration H 0 (P n , O P n (1)) = V 0 ⊃ · · · ⊃ V n where each V i is a vector space of dimension n + 1 − i and a set of integers r 0 ≥ · · · ≥ r n ≥ 0. Note that, for coordinates X 0 ,...,X n on P n , we have a filtration
.., X n }. Let X be a variety in P n of dimension r, and let F be a weighted flag of H 0 (P n , O P n (1)) as above. Let α :X → X be a proper birational morphism of varieties. Let I(X) = I be the ideal sheaf of OX ×A 1 defined by
We denote e F (X) := n.l.c. of
) is a polynomial of degree r+1 for m ≫ 0. By Lemma 5.6 of [11] , we know that e F (X) is independent of α.
For a Chow cycle X = a i Y i where Y i are varieties, we let e F (X) := a i e F (Y i ). 
for every weighted flag F of H 0 (P n , O P n (1)).
We now consider ways to estimate e F (X).
Lemma 2.2.
[12] Let X be a r dimensional subvariety of P n . Let F be the weighted flag determined by x 0 ,...,x n and r 0 ≥ ... ≥ r n = 0. Suppose x j ,...,x n vanish on X and r 0 = · · · = r j−1 . Then e F (X) = (r + 1)r 0 deg(X).
Lemma 2.3. [12]
Let R be the homogeneous coordinate ring of a variety X in
In the rest of this section, we assume that X is a subvariety of P n of dimension 1 and F is a weighted flag of H 0 (P n , O P n (1)) as above. Let α :X → X be the normalization of X. Suppose there is an i such that α * X i does not vanish onX and r i = 0. For each p ∈X, we denote e F (X) p = n.l.c. dim k (OX ×A 1 ,p×{0} /I m p×{0} ). Then e F (X) = p∈X e F (X) p . By assumption, we know that e F (X) p = 0 for all but finitely many points p ∈X.
Lemma 2.4. [12]
In the above situation, suppose v(α * X i ) + r i ≥ a for i = 0, ..., n where v is the natural valuation on OX ,p . Then e F (X) p ≥ a 2 .
For a subvector space Λ of H 0 (P n , O P n (1)), let L Λ be the linear space defined by sections in Λ. Let P LΛ : P n − L Λ → P(Λ) be the projection with center L Λ . By composition of P LΛ and the normalizationX → X, we get a morphism α LΛ : X → P(Λ). Let deg P LΛ (X) be the degree of the image of α LΛ multiplied by the degree of α LΛ if dim(α LΛ (C)) = 1 and 0 otherwise. Let d be the degree of X. We say X is linearly semistable (resp. stable) if the slop of the line joining (0, 0) and (deg P LΛ (X), dim(Λ) − 1) is smaller than or equal to (resp. strictly smaller than) that of the line joining (0, 0) and
Mumford showed the following in [11] . Let L i ⊂ P n be the linear subspace defined by the sections in V i and P Li : P n − L i → P(V i ) be the natural projection. Let e i := d − deg P Li (X). Then we have the following theorem.
Theorem 2.6.
[11] Let X be a subvariety of P n of dimension 1. Then
(r si − r si+1 )(e si + e si+1 ).
Remark 2.7. Plot the points (e i , r i ) as shown in the below figure. The key observation is that the sum l−1 i=0 (r si − r si+1 )(e si + e si+1 ) associated to a subsequence 0 = s 0 < · · · < s l = n represents twice the area in the first quadrant bounded by the axes and the curve obtained by joining the pairs of points (e si , r si ) and (e si+1 , r si+1 ). Taking the minimum of these sums over all such subsequences amounts to computing twice the area under the lower envelope of these points [11] .
-
given by sum using (0,2,4,5)
:
3. Chow stability of curves of genus 4 in P
3
Now we want to understand the GIT quotient space
To do this, we need to have a criterion for the Chow stability.
3.1. Chow stability of smooth curves. Let C be a smooth curve of genus 4. Let α : C → P 3 be a morphism defined by |ω C |. Then α(C) ⊂ P 3 corresponds to the point (6, 3) in the following diagram.
-
• (4, 2)
• (6, 3)
By Riemann-Roch Theorem and Clifford Theorem on C, any projection of α(C) ⊂ P 3 corresponds to a point (d, n) below broken line with d ≤ 6, n < 3 [11] . From the diagram and the above argument, it is clear that the slope does not increase. Therefore we conclude that α(C) ⊂ P 3 is linearly semistable and hence it is Chow semistable. If C is nonhyperellitic, then α is an embedding. Since C is smooth and there is no degree 2 morphism form C to P 1 , we can see that C ⊂ P 3 is linearly stable and hence it is Chow stable.
If C is a hyperelliptic curve of genus 4, α(C) is a double curve supported on a twisted cubic curve in P 3 . Hence we have the following proposition.
Proposition 3.1. Let C be a hyperelliptic curve of genus 4. Let α : C → P 3 be a morphism defined by |ω C |. Then α(C) ⊂ P 3 is strictly Chow semistable.
Proof. From the above argument, we only need to show that it is not Chow stable. We know that α(C) = 2C 1 where C 1 is a twisted cubic curve in P 3 . Let p be a point of C 1 . Choose X 0 ,...,X 3 in H 0 (P 3 , O P n (1)) such that X 1 , X 2 , X 3 vanish at p, X 2 , X 3 vanish to order ≥ 2 at p, and X 3 vanishes to order ≥ 3 at p(i.e., (X 3 = 0) is the osculating hyperplane at p). Let r 0 = 3, r 1 = 2, r 2 = 1, r 3 = 0. For the corresponding weighted flag F , e F (C) = 2e
By the above results, we know that there is a birational map M 4 Chow 4,1 //SL 4 and all stable curves in the closure of hyperelliptic locus are identified in the quotient space.
3.2. Some technical lemmas. In this section, we give some technical lemmas which will be used in calculating the bounds of the invariant e F (C) in the remaining sections. 
, I an ideal of R, and e(I) = n.l.c.dim k (R/I m ). Then we have the following:
Proof. (1) Since I m = ({t an1+r1 s bn2+r2 |n 1 + n 2 ≥ m, r 1 < a, r 2 < b}), the set of bases of R/I m is
Hence e(I) = n.l.c.dim k (R/I m ) = ab.
(2) Since I m = ({t an1+r1 (t p s q ) n2 s bn3+r2 |n 1 + n 2 + n 3 ≥ m, r 1 < a, r 2 < b}), the following spans the vector space R/I m . In particular, if . . .
. . .
Hence e(I) = n.l.c.dim k (R/I m ) ≤ aq + bp and the equality holds if (
Proof. We will find the bounds by using Lemma 3.2. Note that
Remark 3.4. Let C be a smooth curve in P 3 and C ∩(
By the previous Lemma 3.3, we have
Lemma 3.5. Let F be the weighted flag of
Then we have the following:
(
Proof. For the proof, we use Lemma 3.2.
Remark 3.6. Let C be a smooth curve of degree d in P 2 and C ∩ (X 2 = 0) = a i p i + bp where p = (1, 0, 0), p i = (1, 0, 0). Let a i = a. By the above Lemma 3.5, we have e F (C) ≤ br 0 + ar 1 and e F (C) ≤ r 0 + dr 1 . If C meets (X 2 = 0) at p with multiplicity 1, then e F (C) ≤ r 0 + (d − 1)r 1 .
Proof. Let R be the homogeneous coordinate ring of L. Let I be the ideal in R[t] which is generated by
). Thus, from Lemma 2.3 and Lemma 3.7, the results follow.
Then we have the following :
) determined by r 0 ≥ ... ≥ r n−1 and coordinates X 0 ,...,X n−1 which is induced from that of F by restriction. Then e F (C) = e F |H (C).
Let F ′ be the weighted flag of H 0 (P n−1 , O P n−1 (1)) determined by coordinates X 0 ,...,X n−1 and r
Proof. This is clear from the proof of Theorem 2.9 in [11] .
3.3. Chow stability of irreducible curves. In this section, we discuss the Chow stability of irreducible curves of genus 4 and degree 6 in P 3 . In the following, a cusp means a double point of a curve with one inverse point under the normalization map and an ordinary cusp means a cusp which is locally written by (y 2 = x 3 ). 
Then, by composition of P L and the normalizationC → C, we have a regular morphism α L :C → P 1 of degree 1. Then, by Hurwitz's theorem, g(C) = 0. Since deg α L = 1, every singular point of C lies on L. Because deg C = 6 and C is nondegenerate, C has at most two double points. So the only possible case is that C has two tacnodes and L passes through the tacnodes p, q and another point r ∈ C. Let p 1 , p 2 ∈C be the inverse image of p. Choose coordinates X 0 ,..., X 3 so that X 2 , X 3 vanish to order ≥ 2 at p 1 and p 2 . Let L ′ is the line defined by X 2 = X 3 = 0. By the degree consideration, we can see that L ′ does not coincide with L. Let H be the plane determined by L and L ′ . Then the number of points in H ∩ C is greater than or equal to 7 with multiplicity. This contradicts the degree assumption. Proof. Consider a weighted flag
where each V i is a vector space of dimension 4 − i and a set of integers r 0 ≥ · · · ≥ r 3 = 0 such that r i = k. Since C has at most double points, e 1 ≤ 2. From the previous Lemma 3.11, e 2 ≤ 4. Clearly, e 0 = 0 and e 3 = 6. Thus, by Theorem 2.6, we have the following inequality:
e F (C) ≤ (r 0 − r 1 )(e 0 + e 1 ) + (r 1 − r 2 )(e 1 + e 2 ) + (r 2 − r 3 )(e 2 + e 3 ) = e 1 (r 0 − r 2 ) + e 2 r 1 + e 3 r 2 ≤ 2(r 0 − r 2 ) + 4r 1 + 6r 2 = 4k − 2r 0 .
Note that 4k − 2r 0 ≥ 3 r i = 3k if and only if r 0 ≤ k/2. Hence if r 0 > k/2, then e F (C) < 3k. Therefore, we may assume r 0 ≤ k/2. Consider the following diagram.
-
Since the twice of the area in the first quadrant bounded by joining the pairs of points (e si , r si ) and (e si+1 , r si+1 ) is ≤ 3k, we have e F (C) ≤ 3k. Therefore, C is Chow semistable. Note that the equality holds if and only if e 1 = 2, e 2 = 4, r 0 = k/2, r 1 = k/3 and r 2 = k/6.
If e 2 = 4, the map C P 1 induced from the projection defined by V 2 gives a morphismC → P 1 of degree 2. Thus we can conclude that if the normalizationC of C is nonhyperelliptic, C is Chow stable. Now we only need to consider the case e 1 = 2, e 2 = 4, r 0 = 3, r 1 = 2, r 2 = 1, r 3 = 0. Let p = (1, 0, 0, 0). Case 1. C ∩ (X 3 = 0) = 6p: Let C ∩ (X 3 = 0) = ap + a i p i where a = 6. Then e F (C) ≤ r 0 a + r 1 a i = 3a + 2 a i = 12 + a ≤ 17 < 18 = 3 r i .
Case 2. C ∩ (X 3 = 0) = 6p: Since e 1 = 2 and e 2 = 4, p is a node or tacnode. LetC be the normalization C. Let p 1 , p 2 be the inverse points of p inC. Let I(C) p1×{0} = (t 3 , t 2 s a1 , ts b1 , s c1 ) and
Case 2.1 p is a nodal point of C: Since p is a nodal point, we may assume that min(b 1 , c 1 ) = 1 and min(b 2 , c 2 ) = 3. Thus I(C) p1×{0} > (t 3 , ts, s c1 ) and I(C) p2×{0} > (t 3 , t 2 s, s c2 ). Hence we get e F (C) p1 ≤ 3 + c 1 and e F (C) p2 ≤ 3 + 2c 2 . Therefore e F (C) = e F (C) p1 + e F (C) p2 ≤ (3 + c 1 ) + (3 + 2c 2 ) = 12 + c 2 ≤ 17 < 18 = 3 r i .
Case 2.2 p is a tacnode:
In this case min(b 1 , c 1 ) = min(b 2 , c 2 ) = 2. If c 1 =2 and c 2 = 4, I(C) p1×{0} > (t 3 , s 2 ) and I(C) p2×{0} > (t 3 , ts 2 , s 4 ) and hence e F (C) = e F (C) p1 + e F (C) p2 ≤ 6 + 10 = 16 < 18 = 3 r i .
Suppose c 1 = c 2 = 3 i.e X 3 vanish to order 3 at p 1 , p 2 . Since min(b 1 , c 1 ) = min(b 2 , c 2 ) = 2, X 2 vanish to order 2 at p 1 , p 2 . Hece, by Lemma 2.4, e F (C) = e F (C) p1 + e F (C) p2 ≥ 9 + 9 = 3 r i . Thus, this is the only case such that C is strictly Chow semistable. Proposition 3.13. Let C ⊂ P 3 be a curve of degree 6. If C has a cusp which is not ordinary, then C is Chow unstable.
Proof. LetC be a normalization of C and p ∈C be the inverse image of the cusp. We can choose X 0 , ...,
3.4.
Chow stability of nonreduced curves. In this section, we study the Chow stability of noreduced curves in P 3 of degree 6. We show that the only nonreduced Chow semistable curve whose Chow form lies on Chow 4,1 is of the form 2C 1 where C 1 is a twisted cubic curve in P 3 . Since every twisted cubic curve in P 3 is projectively equivalent, this shows that there is only one point in Chow 4,1 //SL 4 which is represented by a nonreduced curve.
Lemma 3.14. Let C ⊂ P 3 be a curve of degree 6 with a singular point of multiplicity at least 3. Then X is not Chow stable. Furthermore, if C has a point of multiplicity at least 4, then it is Chow unstable.
Proof. Let p ∈ C be a point of multiplicity at least 3. Take coordinates X 0 ,...,X 3 so that p = (1, 0, 0, 0) and let r 0 = 1, r 1 = r 2 = r 3 = 0. Let F be the associated weighted flag. Let I be the ideal sheaf of O X×A 1 defined by
.
Lemma 3.15. Let C ⊂ P 3 be a curve of degree 6. Suppose C = C 1 + nC 2 where C 2 is an irreducible curve and n ≥ 2, and C 1 and C 2 have no common components. Then C is not Chow stable.
Proof. Choose p ∈ C 1 ∩ C 2 . By Lemma 3.14, we may assume that C 1 and C 2 are smooth at p. Take coordinates X 0 ,...,X 3 so that p = (1, 0, 0, 0) and let r 0 = 1, r 1 = r 2 = r 3 = 0. Let F be the associated weighted flag. Then Proof. Let C be a nonreduced Chow semistable curve of degree 6 whose Chow form lies on Chow 4,1 .
Suppose that C = nC 1 for a reduced curve C 1 in P 3 and n ≥ 2. From Lemma 3.14, we can see that C 1 is a smooth curve. If n > 2, then deg C 1 = 2 or 1 and hence C is degenerate. Since every degenerated curve is unstable, we can conclude that n = 2. If C 1 is a smooth cubic curve which is not a twisted cubic curve, then it is degenerate. Hence C 1 is a twisted cubic curve.
Assume that C = nC 1 +C 2 for some reduced curve C 1 and n ≥ 2. Let p ∈ C 1 ∩C 2 . By Lemma 3.14, we can see that n = 2 and C 1 , C 2 are smooth at p. Thus deg C 1 = 1 and deg C 2 = 4, or deg C 1 = deg C 2 = 2. We will consider these two cases.
Suppose that C 1 meets C 2 transversely at p. Take coordinates X 0 ,...,X 3 so that p = (1, 0, 0, 0), (X 3 = X 2 = 0) is the tangent line of C 1 at p, and (X 3 = X 1 = 0) is the tangent line of C 2 at p. Let r 0 = 2, r 1 = 1, r 2 = r 3 = 0. Let F be the associated weighted flag. Then I(C 1 ) p×{0} = (t 2 , ts, s 2 ) and I(C 2 ) p×{0} = (t 2 , s). Hence e F (C 1 ) ≥ e F (C 1 ) p = 4 and e F (C 2 ) ≥ e F (C 2 ) p = 2. Therefore
This contradicts the assumption. Assume that C 1 and C 2 have a common tangent line at p. Take coordinates X 0 ,...,X 3 so that p = (1, 0, 0, 0) and (X 2 = X 3 = 0) is the common tangent line at p. Let r 0 = 2, r 1 = 1, r 2 = r 3 = 0. Then I(C 1 ) p×{0} = (t 2 , ts, s 2 ) and
We have a contradiction.
Case 2. deg C 1 = 1 and deg C 2 = 4: In this case, C 1 meets C 2 transversely. In fact, suppose C 1 is the tangent line of C 2 at p ∈ C 1 ∩ C 2 . Take coordinates X 0 ,...,X 3 so that C 1 = (X 2 = X 3 = 0) and p = (1, 0, 0, 0). Let r 0 = 2, r 1 = 1, r 2 = r 3 = 0. Let F be the associated weighed flag. Then I(C 2 ) p×{0} = (t 2 , ts, s v ) where v ≥ 2 and hence e F (C 2 ) ≥ 4. Moreover, e F (C 1 ) = r 0 + r 1 = 3 by Lemma 3.8. Therefore we have
This contradicts the assumption. The number of points in C 1 ∩ C 2 is less than or equal to 2. Indeed, suppose the number of points in C 1 ∩C 2 is greater than or equal to 3. Take coordinates X 0 ,...,X 3 so that C 1 = (X 2 = X 3 = 0) and p = (1, 0, 0, 0). Let r 0 = 1, r 1 = 1, r 2 = r 3 = 0. Let F be the associated weighted flag. Then e F (C 1 ) = 2 and e F (C 2 ) ≥ 3. Hence
We have a contradiction. Since C lies in a quadric surface in P 3 , we have the following three subcases.
Case 2.1. C is contained in the union of two hyperplanes: Let H be the hyperplane containing C 2 . Since C is nondegenerate, C 1 is not contained in H and hence C 1 meets C 2 at exactly one point p. Take coordinates X 0 ,...,X 3 so that H = (X 3 = 0), C 1 = (X 1 = X 2 = 0) and p = (1, 0, 0, 0). Let r 0 = r 1 = r 2 = 1 and r 3 = 0. Let F be the associated weighted flag. Then e F (C 1 ) = 1 by Lemma 3.9 and e F (C 2 ) = 8 by Lemma 2.2. Hence e F (C) = 2e F (C 1 ) + e F (C 2 ) = 10 > 9 = 3 r i .
Case 2.2. C lies in a smooth quadric surface Q: Let C 1 = (0, 1) and C 2 = (a, b) as divisors of Q. Since the degree of C 2 is 4, a + b = 4.
Suppose C 1 meets C 2 at exactly one point. Then a = 1 and b = 3. Thus C = 2C 1 + C 2 = (1, 5) and hence g(C) = 0. This contradicts the assumption.
Assume that C 1 meets C 2 at two distinct points. Then a = b = 2. Thus C = 2C 1 + C 2 = (2, 4) and hence g(C) = 3. This gives us a contradiction. Case 2.3. C lies in a quadric cone Q: Since C 2 is not plane curve with deg C 2 = 4, we get g(C 2 ) = 1. Let π :Q → Q be the blowing up of Q at the singular point q of Q. ThenQ is a smooth surface.
Since C 1 is a line, it passes through the singular point of Q. HenceC 1 =C 1 + E whereC 1 is the proper transform of C 1 and E is the exceptional curve. Since KQ = π
since the C 1 meets C 2 in at most 2 points. We have a contradiction. In all, we proved the Theorem.
3.5. Chow stability of curves with two components. Now we consider a genus 4 stable curve C consisting of two smooth components C 1 and C 2 . Then |ω C | is base point free (resp. very ample) if and only if C 1 meets C 2 in at least two points (resp. three points and C is not in the closure of the hyperelliptic locus) [3] [10]. Proof. Let δ 2 0 be the locus of curves C in the boundary divisor δ 2 such that C = C 1 + C 2 where C 1 , C 2 are smooth curves of genus 2. Then the image of C under the linear system |ω C | after blowing up at the base point
We note that, in Chow 4,1 //SL 4 , all hyperelliptic curves are identified to the point which is represented by double curves supported on a twisted cubic curve.
Let C be a curve in δ 2 ∩ (the closure of hyperelliptic locus). Then there is a flat family C → B of curves parametrized by a smooth curve B such that the fiber C 0 over 0 ∈ B is equal to C and the generic fibers are hyperelliptic. Since the generic fibers are identified to a point in Chow 4,1 //SL 4 and GIT quotient is projective, C is replaced by the same point.
Let C be a curve in δ 2 0 . Then there is a flat family C → B of curves parametrized by a smooth curve B such that the fiber C 0 over 0 ∈ B is equal to C and the generic fibers are smooth. The canonical image of C forms a family D → B of curves in P 3 with fiber D 0 over 0 equal to a curve of type D and the generic fibers are nonhyperelliptic smooth curves in P 3 . Since all curves of type D is projectively equivalent, by an automorphism in P 3 , we get a new family D ′ → B of curves in P Suppose that C 1 meets C 2 in at most two points. We note that an elliptic tail in a stable curve of genus 4 is replaced by a curve with a cusp by Theorem 3.12, and that all stable curves of genus 4 in the boundary divisor δ 2 are identified in the moduli space of Chow semistable curves of genus 4 in P 3 by Lemma 3.17. An elliptic bridge in a stable curve of genus 4 is replaced by a curve with a tacnode. The following figure shows these correspondences. Therefore, it remains to consider the cases when C 1 meets C 2 in at least three points. In this case, C is one of the following types.
Type1 C 1 meets C 2 transversely at 3 points, g(C 1 ) = 1, and g(C 2 ) = 1.
We call this curve as a 3-pointed elliptic tail. Type2 C 1 meets C 2 transversely at 3 points, g(C 1 ) = 2, and g(C 2 ) = 0. Type3 C 1 meets C 2 transversely at 4 points.
In this case, g(C 1 ) = 1 and g(C 2 ) = 0. Type4 C 1 meets C 2 transversely at 5 points.
In this case, g(C 1 ) = g(C 2 ) = 0.
Proposition 3.18. Let C be a curve of Type1. Then C is Chow semistable.
Proof. As a curve in P 3 which is embedded by |ω C |, C 1 , C 2 are curves of degree 3 which are contained in hyperplanes H 1 , H 2 respectively. Moreover all intersection points are contained in the line
Let F be the weighted flag determined by r 0 ≥ · · · ≥ r 3 = 0 and X 0 ,...,
Then we may assume that L is not contained in H 1 . Hence there is at most one point in C 1 ∩ (X 3 = 0) which is contained in L. In particular, L is not the tangent line at any point of C 1 . If there exists a point p in
since L is not the tangent line of C 1 at p, and hence e F (C 1 ) p ≤ r 0 + v 3 r 2 . Therefore
Thus e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + 3r 2 ) + (r 0 + 3r 1 ) < 3 r i .
Case 2. H 1 = (X 3 = 0): Let F ′ be the filtration of H 1 = P 2 associated with weights r ′ 0 = r 0 − r 2 , r ′ 1 = r 1 − r 2 , r ′ 2 = r 2 − r 2 = 0 and with coordinates X 0 , X 1 , X 2 which are induced from F . Then, by Lemma 3.10,
Since there exists at least one points in C 2 ∩(X 3 = 0) which does not lie on L, we have e F (C 2 ) ≤ r 0 +2r 2 by Remark 3.4. Thus e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + 3r 1 + 2r 2 ) + (r 0 + 2r 2 )
Since C i meets L at three distinct points for i=1,2, we have e F ′ (C 1 ) ≤ r ′ 0 + 2r ′ 1 = r 0 + 2r 1 − 3r 2 by Remark 3.6 and e F (C 2 ) ≤ r 0 + 2r 1 by Remark 3.4. Hence e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + 2r 1 + 3r 2 ) + (r 0 + 2r 1 )
In all, we showed that C is Chow semistable. Moreover, in the proof of Theorem 3.20, we can conclude that C is strictly Chow semistable Proof. Let C be a curve of Type1. Choose coordinates
. Then the limit of C under the action λ is the curve in Proposition 3.19. Any two curves of the type in Proposition 3.19 are projectively equivalent to each other and hence we get the proof. The proof of the above Theorem shows that any curve C of Type1 has a strictly Chow semistable flat limit by a one parameter subgroup. Thus C is not Chow stable and hence C is strictly Chow semistable. Now we consider a curve of Type2.
Proposition 3.21. Let C ⊂ P 3 be a curve of Type2. Then C is Chow stable.
Proof. As a canonical curve in P 3 embedded by |ω C |, we have deg C 1 = 5 and deg C 2 = 1.
Let F be the weighted flag determined by X 0 ,...,X 3 ∈ H 0 (P 3 , O P 3 (1)) and r 0 ≥ · · · ≥ r 3 = 0. Let L be the line defined by X 2 = X 3 = 0. Let C 1 ∩ (X 3 = 0) = n i=1 a i q i where a i ≥ 1, a i = 5, and q i = q j for i = j. Then e F (C 1 ) = i e F (C 1 ) qi . If r 1 = r 2 = r 3 = 0, e F (C) = e F (C 1 ) p + e F (C 2 ) p ≤ 2r 0 < 3r 0 = 3 r i where p = (1, 0, 0, 0). If r 0 = r 1 = r 2 = r, then e F (C) = e F (C 1 ) + e F (C 2 ) = e F (C 1 ) p + e F (C 2 )p ≤ 5r + 2r < 9r = r i . Hence we may exclude these two cases.
By Lemma 3.8, e F (C 2 ) = r 0 + r 1 . We may assume that C 1 and C 2 meet at q i for i = 1, 2, 3. Take i ∈ {1, 2, 3}. Since C 1 meets C 2 transversally, v(X 2 ) = 1 or v(X 3 ) = 1 where v is the natural valuation on O C1,qi . So, if q i = (1, 0, 0, 0) then I(C 1 ) qi×{0} = (t r1 , t r2 s, s ai ), and if q i = (1, 0, 0, 0) then I(C 1 ) qi×{0} = (t r0 , t r2 s, s ai ). On the other hand, e F (C 1 ) qi ≤ a i r 2 for q i / ∈ L by Lemma 3.3.
Case 1.1. q i = (1, 0, 0, 0) for all i:
Since a 1 + a 2 + a 3 ≤ 5 and a i ≥ 1, we may assume a 1 = 1. Thus e F (C 1 ) q1 = r 1 , e F (C 1 ) q2 ≤ r 1 + a 2 r 2 , and e F (C 1 ) q3 ≤ r 1 + a 3 r 2 . Hence
, and e F (C 1 ) q3 ≤ r 1 + a 3 r 2 . Therefore
Suppose a 1 ≥ 2. Then we may assume a 2 = 1. Hence e F (C 1 ) q1 ≤ r 0 + a 1 r 2 , e F (C 1 ) q2 ≤ r 1 , and e F (C 1 ) q3 ≤ r 1 + a 3 r 2 . Therefore
Case 2. C 2 = L: By Lemma 3.8 and 3.9, we have e F (C 2 ) ≤ r 0 + r 2 . Suppose there exists i such that q i / ∈ L. Then e F (C 1 ) ≤ r 0 + 4r 1 + r 2 by Remark 3.4. Hence
In the last inequality, the equality holds if and only if r 2 = 0 and r 0 = r 1 = r. In this case, e F (C 1 ) ≤ 4r by Remark 3.4 and e F (C 2 ) ≤ r by Lemma 3.9. Thus e F (C) ≤ 5r < 6r = 3 r i . Suppose C 2 does not meet L. Then e F (C 2 ) = r 2 by Lemma 3.9. Since e F (C 1 ) ≤ r 0 + 5r 1 by Remark 3.4, we have e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + 5r 1 ) + r 2 ≤ 3 r i .
In the last inequality, the equality holds if and only if r 0 = r 1 = r and r 2 = 0. In this case, e F (C 1 ) ≤ 5r and e F (C 2 ) = 0. Thus e F (C) ≤ 5r < 6r = 3 r i . In all, we may assume q i ∈ L for all i = 1,..,n, and C 2 meets L. Since C 1 meets C 2 transversely at 3 points and C 2 = L, we can see that C 2 is not contained in (X 3 = 0). Hence e F (C 2 ) ≤ r 0 by Lemma 3.9.
Let H be the hyperplane which is determined by C 2 and L. Since C 1 meets C 2 transversely at three points and q i ∈ L for all i = 1, ..., n, we have
In particular, n ≤ 3. In fact, if not, the number of points in C 1 ∩ H is greater than or equal to 6. This contradicts the degree assumption. Hence we have the following three subcases. 
Case 2.2. n = 2: Let C 1 ∩ (X 3 = 0) = a 1 q 1 + a 2 q 2 where a i > 0 and a 1 + a 2 = 5. We may assume min{v(X 2 ), v(X 3 )|v the natural valuation on O C1,q1 } = k ≤ 2 and min{v(X 2 ), v(X 3 )|v the natural valuation on O C1,q2 } = 1.
Suppose q 2 = (1, 0, 0, 0). Since q 1 = (1, 0, 0, 0) and q 1 ∈ L, the valuation of X 1 of the natural valuation on O C1,q1 is 0 and thus I(C 1 ) q1×{0} = (t r1 , t r2 s k , s a1 ). On the other hand, I(C 1 ) q2×{0} = (t r0 , t r2 s, s a2 ). Therefore
Thus e F (C) = e F (C 1 )+e F (C 2 ) ≤ (k+1)r 0 +r 1 +5r 2 ≤ 3 r i . In the last inequality, the equality holds if and only if k = 2, r 1 = r 2 = 0. Now, let k = 2, r 1 = r 2 = 0. If
we have e F (C 1 ) = r 0 . Therefore, in any case, e F (C) = e F (C 1 ) + e F (C 2 ) ≤ r 0 + r 0 ≤ r i . Case 2.3. n = 1: Let C 1 ∩ (X 3 = 0) = 5q 1 . Then v(X 2 ) ≤ 3 where v is the natural valuation on O C1,q1 . Thus I(C 1 ) q1×{0} > (t r0 , t r2 s 3 , s 5 ) and hence e F (C 1 ) = e F (C 1 ) q1 ≤ 3r 0 + 5r 2 . Therefore
Since e F (C 1 ) ≤ r 0 + 5r 1 , we have e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + 5r 1 ) + r 0 = 2r 0 + 5r 1 .
Suppose 4r 0 + 5r 2 ≥ 3 r i and 2r 0 + 5r 1 ≥ 3 r i . Then r 0 + 2r 2 ≥ 3r 1 and 2r 1 ≥ r 0 +3r 2 . Hence 2r 0 +4r 2 ≥ 6r 1 ≥ 3r 0 +9r 2 . Therefore r 0 +5r 2 ≤ 0. We have a contradiction. Hence e F (C) ≤ 4r 0 +5r 2 < 3 r i or e F (C) ≤ 2r 0 +5r 1 < 3 r i .
Proposition 3.22. Let C be a curve of Type3. Then C is Chow stable.
Proof. Let C 1 ∩ C 2 = {p 1 , p 2 , p 3 , p 4 }. As a subvariety of P 3 embedded by |ω C |, deg C 1 = 4 and deg C 2 = 2. Also C 1 is nondegnenerate and C 2 is contained in a hyperplane which is denoted by H. Since C 2 ⊂ H and deg C 1 = 4, we can see that
Let F be the weighted flag determined by coordinates X 0 ,...,X 3 and r 0 ≥ · · · ≥ r 3 = 0. Let L := (X 2 = X 3 = 0).
, for a point p ∈ C 1 which lies on L, we have v(X 2 ) = 1 or v(X 3 ) = 1 where v is the natural valuation on O C1,p . Since C 2 is irreducible, the number of points in {p 1 , p 2 , p 3 , p 4 } lying on L is less than or equal to 2. Since
, and if p = (1, 0, 0, 0) then
Therefore e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + r 1 + 4r 2 ) + (r 0 + 2r 1 )
In the last inequality, the equality holds if and only if r 0 = r 1 = r 2 = r. In this case, e F (C) = e F (C 1 ) + e F (C 2 ) = 4r + 2r < 9r = 3 r i . In all, we may assume L H. Suppose C 2 ∩ (X 3 = 0) = p + q where p = q. Since C 2 is contained in H, at least one of p, q does not lie on L, and thus e F (C 2 ) ≤ r 0 + r 2 by Remark 3.4.
Assume C 2 ∩ (X 3 = 0) = 2p. Since C 2 ⊂ H and L H, we get v(X 2 ) = 1 where v is the natural valuation of O C2,p . Thus I(C 2 ) p×{0} > (t r0 , t r2 s, s 2 ) and hence e F (C 2 ) ≤ r 0 + 2r 2 .
Therefore, in any case, e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + 4r 1 ) + (r 0 + 2r 2 ) = 2r 0 + 4r 1 + 2r 2 ≤ 3 r i .
In the last inequality, the equality holds if and only if r 0 = r 1 = r and r 2 = 0. In this case, e F (C) = e F (C 1 ) + e F (C 2 ) = 4r + r = 5r < 6r = 3 r i .
Case 2. H = (X 3 = 0): Clearly C 1 ∩ (X 3 = 0) = p 1 + p 2 + p 3 + p 4 . Since C 2 is irreducible and deg C 2 = 2, any three points in {p 1 , p 2 , p 3 , p 4 } does not lie on L. Hence e F (C 1 ) ≤ r 0 + r 1 + 2r 2 . Hence e F (C 2 ) = e F ′ (C 2 ) + 4r 2 ≤ r ′ 0 + 2r ′ 1 + 4r 2 = r 0 + 2r 1 + r 2 where the first inequality comes from Remark 3.6 . Therefore e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + r 1 + 2r 2 ) + (r 0 + 2r 1 + 2r 2 ) = 2r 0 + 3r 1 + 3r 2 < 3 r i .
Let C be a curve of Type4. Then C is canonically embedded in P 3 and, as a subvariety of P 3 , deg C 1 = deg C 2 = 3 and C i is nondegnenerate for i = 1, 2. In this case, we have the following Proposition. Proof. Let F be the weighted flag determined by X 0 ,...,X 3 and r 0 ≥ · · · ≥ r 3 = 0. Let L := (X 2 = X 3 = 0).
If r 1 = r 2 = r 3 = 0, e F (C) = e F (C 1 ) p + e F (C 2 ) p ≤ 2r 0 < 3r 0 = 3 r i where p = (1, 0, 0, 0). If r 0 = r 1 = r 2 = r, then e F (C) ≤ 3r + 3r = 6r < 9r = 3 r i . Thus we may exclude these two cases.
Suppose, for each i = 1, 2, there exists a point in C i ∩ (X 3 = 0) which does not lie on L. Then e F (C) = e F (C 1 ) + e F (C 2 ) ≤ (r 0 + 2r 1 + r 2 ) + (r 0 + 2r 1 + r 2 ) ≤ 3 r i .
In the last inequality, the equality holds if and only if r 0 = r 1 = r and r 2 = 0. In this case, e F (C) = e F (C 1 ) + e F (C 2 ) ≤ 2r + 2r = 4r < 6r = 3 r i . Thus we may assume that every point in C 1 ∩ (X 3 = 0) lies on L. Since C 1 is nondegenerate, C 1 ∩ (X 3 = 0) = 2p + q for p = q, or C 1 ∩ (X 3 = 0) = 3p. Let us consider these two cases.
Suppose C 1 ∩ (X 3 = 0) = 2p + q where p = q. Since degC 1 =3 , p and q lie on L, and C 1 is nondegenerate, we can see that v(X 2 ) = 1 where v is the natural valuation on O C1,p . If p = (1, 0, 0, 0) then I(C 1 ) p×{0} = (t r0 , t r2 s, s 2 ) and if p = (1, 0, 0, 0) then I(C 1 ) p×{0} = (t r1 , t r2 s, s 2 ). Hence e F (C 1 ) = e F (C 1 ) p + e F (C 1 ) q ≤ (r 0 + 2r 2 ) + r 1 = (r 1 + 2r 2 ) + r 0 = r 0 + r 1 + 2r 2 .
Suppose C 1 ∩(X 3 = 0) = 3p. If L is the tangent line of C 1 at p, then I(C 1 ) p×{0} > (t r0 , t r2 s 2 , s 3 ) and hence e F (C 1 ) ≤ 2r 0 + 3r 2 . If L is not the tangent line of C 1 at p, then I(C 1 ) p×{0} > (t r0 , t r2 s, s 3 ) and hence e F (C 1 ) ≤ r 0 + 3r 2 .
Suppose there exists a point in C 2 ∩ (X 3 = 0) which does not lie on L. Then e F (C 2 ) ≤ r 0 +2r 1 +r 2 . Since (r 0 +r 1 +2r 2 )+(r 0 +2r 1 +r 2 ) = 2r 0 +3r 1 +3r 2 < 3 r i and (2r 0 + 3r 2 ) + (r 0 + 2r 1 + r 2 ) = 3r 0 + 2r 1 + 4r 2 < 3 r i , we get e F (C) = e F (C 1 ) + e F (C 2 ) < 3 r i .
Assume that every point in C 2 ∩ (X 3 = 0) lies on L. Then the same argument for C 1 also holds for C 2 . Note that C 1 and C 2 can not have common tangent line at any point. Since (r 0 + r 1 + 2r 2 ) + (r 0 + r 1 + 2r 2 ) = 2r 0 + 2r 1 + 4r 2 < 3 r i , (r 0 + r 1 + 2r 2 ) + (2r 0 + 3r 2 ) = 3r 0 + r 1 + 4r 2 < 3 r i and (r 0 + 3r 1 ) + (r 0 + 3r 2 ) = r 0 + 3r 1 + 3r 2 < 3 r i , we can see that e F (C) = e F (C 1 ) + e F (C 2 ) < 3 r i .
In all, we have the following theorem. For the definition of three connectedness, we refer to [10] .
